This paper discusses a distance guarding concept on triangulation graphs, which can be associated with distance domination and distance vertex cover. We show how these subjects are interconnected and provide tight bounds for any n-vertex maximal outerplanar graph: the 2d-guarding number, g 2d (n) = ⌊ n 5 ⌋; the 2d-distance domination number, γ 2d (n) = ⌊ n 5 ⌋; and the 2d-distance vertex cover number, β 2d (n) = ⌊ n 4 ⌋.
Introduction
Domination, covering and guarding are widely studied subjects in graph theory. Given a graph G = (V, E) a dominating set is a set D ⊆ V of vertices such that every vertex not in D is adjacent to a vertex in D. The domination number γ(G) is the number of vertices in a smallest dominating set for G. A set C ⊆ V of vertices is a vertex cover if each edge of the graph is incident to at least one vertex of the set. The vertex cover number β(G) is the size of a minimum vertex cover. Thus, a dominating set guards the vertices of a graph while a vertex cover guards its edges. In plane graphs, these concepts differ from the notion of guarding set as the latter guards the * mafalda.martins@ua.pt faces of the graph. Let G = (V, E) be a plane graph, a guarding set is a set S ⊆ V of vertices such that every face has a vertex in S. The guarding number g(G) is the number of vertices in a smallest guarding set for G.
There are many papers and books about domination and its many variants in graphs, e.g. [4, 8, 9, 10] . In 1975, domination was extended to distance domination by Meir and Moon [11] . Given a graph G, a set D ⊂ V of vertices is said to be a distance k-dominating set if for each vertex u ∈ V − D, dist G (u, v) ≤ k for some v ∈ D. The minimum cardinality of a distance k-dominating set is said to be the distance k-domination number of G and is denoted by γ k (G) or γ kd (G). Note that a classical dominating set is a distance k-dominating set at distance 1. In the case of distance domination, there are also some known results concerning bounds for γ kd (G), e.g., [13, 14, 15] . However, if graphs are restricted to triangulations, then we are not aware of known bounds for γ kd (G). The distance domination was generalized to broadcast domination, by Erwin, when the power of each vertex may vary [6] . Given a graph G = (V, E), a broadcast is a function f : V → N 0 . The cost of a broadcast f over a set S of V is defined as f (S) = v∈S f (v). Thus, f (V ) is the total cost of the broadcast function f . A broadcast is dominating if for every vertex v, there is a vertex u with f (u) > 0 and d(u, v) ≤ f (u), that is, a vertex u with non null broadcast and whose broadcast's power reaches vertex v. A dominating broadcast f is optimal if f (V ) is minimum over all choices of broadcast dominating functions for G. The broadcast domination problem consists in building this optimal function. Note that, if f (V ) = {0, 1}, then the broadcast domination problem coincides with the problem of finding a minimum dominating set with minimum cardinality. And, if f (V ) = {0, k}, then the broadcast domination problem is the distance k-dominating problem. If a broadcast f provides coverage to the edges of G instead of covering its vertices, then we have a generalization of the vertex cover concept [2] . A broadcast f is covering if for every edge (x, y) ∈ E, there is a path P in G that includes the edge (x, y) and one end of P must be a vertex u, where f (u) is at least the length of P . A covering broadcast f is optimal if f (V ) is minimum over all choices of broadcast covering functions for G. Note that, if f (V ) = {0, 1}, then the broadcast cover problem coincides with the problem of finding a minimum vertex cover. Regarding the broadcast cover problem when all vertices have the same power (i.e., when f (V ) = {0, k}, for a fixed k = 1), as far as we know, there are no published results besides [5] where the authors propose a centralized and distributed approximation algorithm to solve it.
The guarding concept on plane graphs has its origin in the study of triangulated terrains, polyhedral surfaces whose faces are triangles and with the property that each vertical line intersects the surface at most by one point or segment. A set of guards covers the surface of a terrain if every point on the terrain is visible from at least one guard in the set. The combinatorial aspects of the terrain guarding problems can be expressed as guarding problems on the plane triangulated graph underlying the terrain. Such graph is called triangulation graph (triangulation, for short), because is the graph of a triangulation of a set of points in the plane (see Figures 1 and 2 ). In this context of guarding for plane graphs, a set of guards only needs to watch the bounded faces of the graph. There are known bounds on the guarding number of a plane graph, g(G); for example, g(G) ≤ n 2 for any n-vertex plane graph [3] , and g(G) ≤ n 3 for any triangulation of a polygon [7] . The triangulation of a polygon is a maximal outerplanar graph. A graph is outerplanar if it has a crossing-free embedding in the plane such that all vertices are on the boundary of its outer face (the unbounded face). An outerplanar is maximal outerplanar if it is not possible to add an edge such that the resulting graph is still outerplanar. A maximal outerplanar graph embedded in the plane as mentioned above is an maximal outerplanar graph and corresponds to a triangulation of a polygon. Contrary to the notions of domination and vertex cover on plane graphs that were extended to include their distance versions, the guarding concept was not generalized to its distance version.
In this paper we generalize the guarding concept on plane graphs to its distance guarding version and also formalize the broadcast cover problem when all vertices have the same power, which we call distance k-vertex cover. Furthermore, we analyze these concepts of distance guarding, covering and domination, from a combinatorial point of view, for triangulation graph. We obtain tight bounds for distance versions of guarding, domination and vertex covering for maximal outerplanar graphs.
In the next section we first describe some of the terminology used in this paper, and then discuss the relationship between distance guarding, domination and covering on triangulation graphs. In sections 3 and 4 we study how these three concepts of distance apply to maximal outerplanar graphs. And finally, the paper concludes with section 5 that discusses our results and future research.
2 Relationship between distance guarding, distance domination and distance vertex cover on triangulation graphs
In the following we introduce some of the notation used throughout the text, and then proceed to explain the relationship between the different distance concepts on triangulations. Given a triangulation T = (V, E), we say that a bounded face T i of T (i.e., a triangle) is kd-visible from a vertex p ∈ V , if there is a vertex x ∈ T i such that dist T (x, p) ≤ k − 1. The kd-visibility region of a vertex p ∈ V comprises the triangles of T that are kd-visible from p (see Fig. 1 ).
A kd-guarding set for T is a subset F ⊆ V such that every triangle of T is kd-visible from an element of F . We designate the elements of F by kd-guards. The kd-guarding number g kd (T ) is the number of vertices in a smallest kd-guarding set for T . Note that, to avoid confusion with multiple guarding [1] -where the typical notation is k-guarding -we will use kd-guarding, with an extra "d". Given a set S of n points, we define g kd (S) = max{g kd (T ) : T is triangulation with V=S} and given n ∈ N, g kd (n) = max{g kd (S) : S is plane point set with |S| = n}.
A kd-vertex cover for T , or distance k-vertex cover for T , is a subset C ⊆ V such that for each edge e ∈ E there is a path of length at most k, which contains e and a vertex of C. The kd-vertex cover number β kd (T ) is the number of vertices in a smallest kd-vertex cover set for T . Given a set S of n points, we define β kd (S) = max{β kd (S) : T is triangulation with V=S} and given n ∈ N, β kd (n) = max{β kd (S) : S is plane point set with |S| = n}.
Finally, as already defined by other authors, a kd-dominating set for T , or distance k-dominating
The kd-domination number γ kd (T ) is the number of vertices in a smallest kd-dominating set for T . Given a set S of n points, we define γ kd (S) = max{γ kd (T ) : T is triangulation with mboxV = S} and given n ∈ N, γ kd (n) = max{γ kd (S) : S is plane point set with |S| = n}.
Figure 2: (a) 2d-dominating set for a triangulation T ; (b) 2d-guarding set for T .
The main goal is to obtain bounds on g kd (n), γ kd (n) and β kd (n). We start by showing that the three concepts, kd-guarding, kd-dominance and kd-vertex covering are different. Fig. 2 depicts 2d-dominating and 2d-guarding sets for a given triangulation T . Note that in Fig. 2 (a) the set {u, v} is 2d-dominating since the remaining vertices are at distance 1 or 2. However, it is not a 2d-guarding set because the shaded triangle is not guarded, as its vertices are at distance 2 from {u, v}. In 2(b) {w, z} is a 2d-guarding set, however it is not a 2d-vertex cover since any path between the bold edge and w or z has length at least 3. Therefore, the bold edge is not covered. Now we are going to establish a relation between g kd (T ), γ kd (T ) and β kd (T ).
Lemma 1 If C is a kd-vertex cover for a triangulation T , then C is a kd-guarding set and a kddominating set for T .
Proof: If C is a kd-vertex cover, then each edge of T has one of its endpoints at distance at most k − 1 from C. Thus, any triangle of T has one of its vertices at distance at most k − 1 from C, that is, C is a kdguarding set for T . Furthermore, all the vertices of T are at a distance of at most k from a vertex of C. Therefore C is kd-dominant.
Lemma 2 If C is a kd-guarding set for a triangulation T , then C is a kd-dominating set for T .
Proof: If F is kd-guarding set, then every vertex of T (which belongs to a kd-guarded face) is at distance at most k from an element of F . Thus, F is kddominating set for T .
The previous lemmas prove the following result.
Theorem 1 Given a triangulation T the minimum cardinality g kd (T ) of any kd-guarding set for T verifies
Note that the inequalities above can be strict, as we will show for k = 2. Consider the triangulation T depicted in Fig. 3(a) . We start by looking for a 2d-dominant set of minimum cardinality. The black vertices in Fig. 3(b) form a 2d-dominating set, since each vertex of T is at a distance less than or equal to 2 from a black vertex. Besides, it is clear that the extreme vertices can not be 2d-dominated by the same vertex, thus any 2d-dominating set has to have at least two vertices, one to cover each extreme. Consequently, γ 2d (T ) = 2. But the pair of black vertices is not a 2d-guarding set because the shaded area is not 2d-guarded (all the vertices of the shaded triangles are at a distance 2 from the black vertices). Now, we look for a 2d-guarding set of minimum cardinality. Note that, in Fig. 3(d) , the gray vertices are a 2d-guarding set. Each shaded triangle needs one 2d-guard since they are at distance of 3 and thus every 2d-guarding set has cardinality at least 3. Therefore, g 2d (T ) = 3. Finally, we seek a 2d-vertex cover. In Fig. 3(e) , each of the bold edges needs a different vertex to be 2d-covered, since the distance between each pair of edges is greater than or equal to 3. In this way no single vertex can simultaneously 2d-cover two of the bold edges. Thus, β 2d (T ) ≥ 4. Note that, this example can easily be generalized to any value of k. 3 2d-guarding and 2d-domination of maximal outerplanar graphs
In this section we establish tight bounds for g 2d (n) and γ 2d (n) on a special class of triangulation graphsthe maximal outerplanar graphs -which correspond, as stated above, to triangulations of polygons. We call the edges on the exterior face exterior edges, oth-erwise they are interior edges. In order to do this, and following the ideas of O'Rourke [12] , we first need to introduce some lemmas.
Lemma 3
and replace them with a new vertex x adjacent to every vertex to which a,b and c were adjacent to (see Fig. 4 ). We know that f (m − 2) 2d-guards are sufficient to guard G * . Suppose that no 2d-guard is placed at x. Then the same 2d-guarding scheme will guard G, since the 2d-guards placed at a and b guard the triangles with vertices at a, b and c, and the remaining triangles are guarded by their counterparts counterparts in G * . If a guard is placed at x, when the graph is expanded back into G, the guard placed at x will be placed at c to assure that G is guarded.
Lemma 4
Suppose that f (m) 2d-guards are always sufficient to guard any outerplanar maximal graph with m vertices. If G is an arbitrary outerplanar maximal graph with one 2d-guard placed at any one of its m vertices, then f (m − 1) additional 2d-guards are sufficient to guard G.
Proof: Let a be the vertex where a 2d-guard is placed and b a vertex on the exterior face of G adjacent to a. Contract the edge (a, b) to produce the outerplanar maximal graph G * of m−1 vertices (that is, remove edge (a, b) and replace it with a new vertex x adjacent to every vertex to which a and b were adjacent to). We know that f (m − 1) 2d-guards are sufficient to guard G * . Suppose that no 2d-guard is placed at x. Then the same 2d-guarding scheme will guard G, since the 2d-guard placed at a covers the triangles with vertices at a and b, and the remaining triangles have guarding counterparts in G * . If a guard is placed at x, then such guard will be placed at b when the graph is expanded back into G. The remaining guards together with b assure that G is 2d-guarded.
The next lemma can be easily proven by following the ideas of ORourke [12] .
Lemma 5 Let G be an outerplanar maximal graph with n ≥ 2k vertices. There is an interior edge e in G that partitions G into two components, one of which contains m = k, k + 1, . . . , 2k − 3 or 2k − 2 exterior edges of G.
Theorem 2 Every n-vertex maximal outerplanar graph, with n ≥ 5, can be 2d-guarded by ⌊ n 5 ⌋ 2d-guards. That is, g 2d (n) ≤ ⌊ n 5 ⌋ for all n ≥ 5.
Proof: For 5 ≤ n ≤ 11, the truth of the theorem can be easily established -the upper bounds are resumed in Table 1 . It should be noted that for n = 5 the 2d-guard can be placed randomly and for n = 6 it can be placed at any vertex of degree greater than 2 (or one that belongs to an interior edge). Table 1 : Number of 2d-guards that suffice to cover a maximal outerplanar graph of n vertices.
Assume that n ≥ 12 and that the theorem holds for all n ′ < n. Let G be a triangulation graph with n vertices. The vertices of G are labeled with 0, 1, 2, . . . , n.
Lemma 5 guarantees the existence of an interior edge e (which can be labeled (0, m)) that divides G into maximal outerplanar graphs G 1 and G 2 , such that G 1 has m exterior edges of G with 6 ≤ m ≤ 10. Each value of m will be considered separately.
(1) m = 6. G 1 has m + 1 = 7 exterior edges, thus G 1 can be 2d-guarded with one guard. G 2 has n−5 exterior edges including e, and by induction hypothesis, it can be 2d-guarded with ⌊ , (0,6), (9,1), (9,2) and (9,3) would violate the minimality of m. Thus, the triangle T in G 1 that is bounded by e is either (0,5,9) or (0,9,4). Since these are equivalent cases, suppose that T is (0,5,9), see Fig. 5(a) . The pentagon (5, 6, 7, 8, 9) can be 2d-guarded by placing one guard randomly. However, to 2d-guard the hexagon (0,1,2,3,4,5) we cannot place a 2d-guard at any vertex. We will consider two separate cases.
(a) The internal edge (0,4) is not present. If a guard is placed at vertex 5, then the hexagon (0,1,2,3,4,5) is 2d-guarded, thus G 1 is 2d-guarded. Since G 2 has n − 8 edges it can be 2d-guarded by ⌊ Figure 5 : The interior edge e separates G into two maximal outerplanar graphs G 1 and G 2 : (a) the triangle T in G 1 that is bounded by e is (0,5,9); (b) G 1 has 10 exterior edges, both the internal edge (0,4) and the triangle (6, 7, 8) are present; (c) G 1 has 11 exterior edges and the triangles (2,3,4) and (6, 7, 8) are present.
(b) The internal edge (0,4) is present. If a 2d-guard is placed at vertex 0, then G 1 is 2d-guarded unless the triangle (6, 7, 8) is present in the triangulation (see Fig. 5(b) ). In any case, two 2d-guards placed at vertices 0 and 9 guard G 1 . G 2 has n − 8 exterior edges, including e. By lemma 3 the two guards placed at vertices 0 and 9 al-low the remainder of G 2 to be guarded by f (n − 8 − 2) = f (n − 10) additional 2d-guards. Recall that f (n ′ ) is the number of 2d-guards that are always sufficient to guard a maximal outerplanar graph with n ′ vertices. By the induction hypothesis Thus, the triangle T in G 1 that is bounded by e is (0,5,10) (see Fig. 5(c) ). We will consider two separate cases: . In this case we place a guard at vertex 0 and another guard in one vertex of the hexagon (5, 6, 7, 8, 9 ,1,0) of degree greater than 2. These two guards dominates G 1 . G 2 has n − 9 vertices. By lemma 4 the guard placed at vertex 0 permits the remainder of G 2 to be 2d-guarded by f (n − 9 − 1) = f (n − 10) additional guards, where f (n ′ ) is the number of 2d-guards that are always sufficient to guard a maximal outerplanar graph with n To prove that this upper bound is tight we need to construct a maximal outerplanar graph G of order n such that g 2d (G) ≥ ⌊ n 5 ⌋. Fig. 6 shows a maximal outerplanar graph G for which γ 2d (G) = n 5 , since the the black vertices dominate the graph G and can only be 2d-dominated by different vertices. This example can be generalized to kd-domination to obtain γ kd (n) ≥ n (2k+1) . For example, in Fig. 7 , the black vertices can only be 3-dominated by different vertices, so γ 3d (n) ≥ According to theorem 1,
In conclusion, ⌊ n 5 ⌋ 2d-guards are occasionally necessary and always sufficient to guard a n-vertex maximal outerplanar graph G. On the other hand, we can also establish that γ 2d = ⌊ n 5 ⌋, since ⌊ n 5 ⌋ ≤ γ 2d (n) and γ 2d (n) ≤ g 2d (n), for all n. Thus, it follows:
Theorem 3 Every n-vertex maximal outerplanar graph with n ≥ 5 can be 2d-guarded (and 2d-dominated) by ⌊ n 5 ⌋ guards. This bound is tight in the worst case.
4 2d-covering of maximal outerplanar graphs
In this section we determine an upper bound for 2d-vertex cover on maximal outerplanar graphs and we show that this bound is tight. In order to do this, we first introduce the following lemma, whose proof is omitted, since it is analogous to the one of lemma 4.
Lemma 6 Suppose that f (m) vertices are always sufficient to 2d-cover any outerplanar maximal graph with m vertices. If G is an arbitrary outerplanar maximal graph and if we choose any of its m vertices to place a 2d-covering vertex, then f (m − 1) additional vertices are sufficient 2d-cover G.
Theorem 4 Every n-vertex maximal outerplanar graph, with n ≥ 4, can be 2d-covered with ⌊
Proof: For 4 ≤ n ≤ 9, the truth of the theorem can be easily established -the upper bounds are resumed in Table 2 . Note that for n = 4 the 2d-covering vertex can be chosen randomly and for n = 5 it can be placed among the vertices of degree greater than 2. Table 2 : Number of vertices that suffice to 2d-cover a maximal outerplanar graph of n vertices.
Assume that n ≥ 10, and that the theorem holds for n ′ < n. Lemma 5 guarantees the existence of an interior edge e that partitions G into maximal outerplanar graphs G 1 and G 2 , where G 1 contains m exterior edges of G with 5 ≤ m ≤ 8. Each value of m will be considered separately.
(1) m = 5. G 1 has m+1 = 6 exterior edges, thus G 1 can be 2d-covered with one vertex. G 2 has n − 4 exterior edges including e, and by the induction hypothesis, it can be 2d-covered with ⌊ . In this case we place a guard at vertex 0 and another guard in one vertex of the pentagon (4, 5, 6, 7, 8) whose degree is greater than 2. These two guards 2d-cover G 1 . G 2 has n − 7 vertices. By lemma 6 the vertex 0 permits the remainder of G 2 to be 2d-covered by f (n − 7 − 1) = f (n − 8) additional guards, where f (n ′ ) is the number of 2d-covering vertices that are always sufficient to 2d-cover a maximal outerplanar graph with n ′ vertices. By induction hypothesis f (n ′ ) = ⌊ Now, we will prove that this upper bound is tight. The bold edges of the maximal outerplanar graph illustrated in Fig. 9 can only be 2d-covered from different vertices, and therefore β 2d (n) ≥ n 4 . Figure 9: A maximal outerplanar graph G for which β 2d (G) = 
Conclusions and further research
In this article we defined the concept of kd-guarding and formalized the distance kd-vertex cover. We showed that there is a relationship between 2d-guarding, 2d-dominating and 2d-vertex cover sets on triangulation graphs. Furthermore, we proved tight bounds for n-vertex maximal outerplanar graphs: g 2d (n) = γ 2d (n) = ⌊ n 5 ⌋ and β 2d (n) = ⌊ n 4 ⌋. Regarding future research, we believe these bounds can be extended to any triangulation and are therefore not exclusive of maximal outerplanar graphs. Moreover, it would be interesting to study how these bounds evolve for 3d-guarding, 3d-dominating and 3d-vertex cover sets. And of course study upper and lower bounds of the mentioned three concepts for any distance k. Finally, in the future we would like to study these distance concepts applied to other types of graphs, and not focus only on triangulations.
